This paper is concerned with the active robust autopilot design of a four-wheel steering vehicle against external disturbances. Firstly, the effect of four-wheel steering and independent wheel torques for lateral/directional and roll motions is modelled by a set of linear models under proper manoeuvring conditions. To enhance the dynamic performance of an automobile system, a mixed H 2 = H I synthesis with pole constraint is designed on the basis of full state feedback applying linear matrix inequality (LMI) theory. For lateral/directional and roll motions, the steering angles are actively controlled by steering wheel angles through the actuator dynamics. The wheel power and braking are also controlled by independent wheel torques. Simulation results indicate that the proposed control approach can achieve predetermined performance (or acceptable level of disturbance attenuation) and stability as well as robustness even when external disturbances are severe. The active 4WS car along with steering and wheel torque control algorithms allows greater manoeuvrability and improved stability in a wide range of uncertainty.
Abstract: This paper is concerned with the active robust autopilot design of a four-wheel steering vehicle against external disturbances. Firstly, the effect of four-wheel steering and independent wheel torques for lateral/directional and roll motions is modelled by a set of linear models under proper manoeuvring conditions. To enhance the dynamic performance of an automobile system, a mixed H 2 = H I synthesis with pole constraint is designed on the basis of full state feedback applying linear matrix inequality (LMI) theory. For lateral/directional and roll motions, the steering angles are actively controlled by steering wheel angles through the actuator dynamics. The wheel power and braking are also controlled by independent wheel torques. Simulation results indicate that the proposed control approach can achieve predetermined performance (or acceptable level of disturbance attenuation) and stability as well as robustness even when external disturbances are severe. The active 4WS car along with steering and wheel torque control algorithms allows greater manoeuvrability and improved stability in a wide range of uncertainty. control, which plays an important role in highway automation, is the most basic control for improving ride comfort and manoeuvrability. In fact, car manoeuvring is a complex non-linear dynamic system. Thus, vehicle control under various uncertainties is a challenging task for control engineers.
The lateral/directional manoeuvres of conventional automobiles have some limitations with two-wheel steering (2WS). The simplest model which leads to a fundamental understanding of vehicle handling has two degrees of freedom (2 DOF): the lateral and yaw velocities as state variables [1] . However, it is difficult to express complex vehicle motions accurately with a 2 DOF model. It is also well-known that one way to enhance the steering performance is a four-wheel steering (4WS) system. The 4WS systems for automobiles are being widely studied as a means of improving stability and handling characteristics and have been the subject of various investigations [2±4]. It has been known for decades that steering of the rear wheels in addition to the conventional front wheel steering results in significant changes in dynamic responses. Advantages claimed for these systems include improved handling during a manoeuvre such as lane changing and enhanced manoeuvrability. There have been many papers justifying such claims (e.g. see reference [5] ). Further advantages are comfort for parking and driving safety for handling at various speeds. To date, a number of 4WS control systems have been proposed [6] . So far, the optimal control problems have been studied extensively in vehicle lateral guidance applications. Lateral/directional control laws using the linear quadratic Gaussian (LQG) were proposed in references [3] to [7] . Although the H 2 approach [8] is well-suited to many real systems, it is known that its stability and robustness cannot be guaranteed in the presence of various uncertainties. As is the case with any vehicle system, a passenger car is expected to operate in a highly variable environment and can be affected by fluctuations under various manoeuvring conditions. In fact, most vehicles may be subject to a vast range of uncertainties such as unmodelled dynamics, surface roughness, wind gusts, speeds and braking/accelerating forces. This raises questions about the robustness of the control system by which the vehicle controller must cope with these uncertainties successfully. It has been recognized that H I synthesis guarantees a robust stability and disturbance rejection performance in the presence of uncertainty [8, 9] , but that the H I optimal controller typically leads to an intolerably large control effort. This requires further fundamental work to apply advanced control theory to vehicle autopilot design. To demonstrate design trade-offs, mixed H 2 and H I performance criteria become indispensable for uncertain dynamic systems. Several researchers [10, 11] have devoted considerable attention to the mixed H 2 = H I synthesis method: mixed H 2 (sub)optimal and H I (sub)optimal control synthesis. The goal of the robust autopilot controller is to achieve a fixed dynamic relationship between the driver's steering command and various vehicle performance outputs. It must be noted that most practical control problems, e.g. car manoeuvring control, can be treated as multi-objective characteristics and readily solved by the LMI approach [12] . Several authors, e.g. Iwasaki and Skelton [13] and Chilali and Gahinet [14] , have shown that a linear matrix inequality (LMI) synthesis is a useful tool for multi-objective control problems. Although much work has been carried out on the control problems of the 4WS car, most studies are based on a restricted set of system state variables for the vehicle motions. To the present authors' knowledge, there has been no paper considering the comprehensive dynamics as well as the LMI-based H 2 = H I approach for 4WS vehicles. In this study, a mixed H 2 = H I synthesis with closed-loop pole constraint for robust manoeuvres of a 4WS car is designed on the basis of state feedback control applying LMI theory. The control inputs to lateral/directional and roll manoeuvres include the front and rear steering actuators as well as individual wheel torques. From the simulation results it is found that the active steering and independent wheel torque control can achieve a reasonable performance and stability as well as robustness in response to various disturbances. This approach allows greater manoeuvrability and improved stability as well as driving safety.
The paper is organized as follows. Section 2 describes the linear model of the vehicle for steering and wheel torque control. Section 3 presents a class of robust linear controllers for vehicle manoeuvring. In Section 4 the autopilot performance is extensively assessed through a series of numerical simulations. Finally, the contributions and conclusions of the work are summarized in Section 5.
VEHICLE SYSTEM DYNAMICS AND CONTROL OBJECTIVES

Mathematical model
The complete vehicle model must include steering and roll motion, tyre dynamics, control inputs, drivetrain as well as actuator dynamics. In the present paper the longitudinal and pitch dynamics are disregarded for simplification. Consider a planar tracked vehicle moving along a road surface at constant speed v. A passenger car must follow a given desired path controlled by certain input actuators. To develop the equations of motion, a set of coordinate frames are chosen as shown in Fig. 1 . A body coordinate frame [xÀ yÀz] is fixed at the vehicle centre of gravity (CG), where z is positive upward. The [x 0 À y 0 À z 0 ] coordinate axis is an inertial (or earth fixed) frame. The body fixed set is initially parallel to the earth fixed set. The vehicle is moving at constant velocity, measured at CG with v . 0, and rotating at some angular speed, r, relative to the inertial frame. The angle â between v and the centre-line of the body x axis is the slip angle at CG with v p (v 2
x v 2 y ). The body coordinate axis is rotated by yaw angle j with respect to the inertially fixed set. The inputs to the steering system are the tyre steering angles ä i , i P f1, 4g. The vehicle model used for the lateral/directional motions is shown schematically in Fig. 1 [4, 6, 15, 16] . The roll motion ö with the sprung mass rotating about the roll centre is also shown in Fig. 2 [1, 17] .
In order to simplify the system dynamics, the following assumptions are made: With the assumptions explained above, the coupled system dynamics in a moving frame, neglecting pitch and heave and axial components, are written as
where Y y , M z and L x are the sums of the external forces and moments acting on the vehicle, measured at CG along the car axes. It should be noted that roll angle effects are included to accommodate roll-over and ride comfort. The small non-linear terms on the left-hand sides of equations (1) to (3) have been neglected. More details on mathematical formulations are described in references [4] , [6] and [18] . Some vehicle kinematics associated with lateral/ directional and roll motions are conveniently summarized as
Let the vehicle have initial heading j(0) and roll angle ö(0). Then the angular velocities in equations (4) and (5) can be integrated simultaneously to obtain the vehicle heading (yaw) angle j and sprung mass roll angle ö:
For sufficiently small angles â and j, the lateral velocity and acceleration at CG are approximated as
where v x is approximately equal to the vehicle velocity v
The lateral displacement of the vehicle CG from the centre-line is given by
Owing to the limited range of â, the vehicle sideslip angle is given by
It is well known that tyre cornering forces strongly affect the manoeuvrability of the vehicle system. When the tyres operate at the slip angles shown in Fig. 3 , they generate lateral forces. This model is usually referred to as a bicycle [15] . In this study, the left and right wheels are steered by the same angles. From the model shown in Fig. 3 , the tyre slip angles can be written as
Assuming that v % jv x j ) jrjd t for sufficiently small angles, the directions of the vehicle velocity at each wheel are calculated by [7, 18] 
where the linear trigonometric approximation has been used. It is further assumed that the front and rear axles have the following steering angles:
Considering the roll angle effects in equation (12) yields in matrix form
where R f and R r are the fixed coefficients of roll effects. The cornering forces acting on the axles are denoted by X Fi and Y Fi . They can be expressed as functions of the longitudinal force F xi and the lateral force F yi (i P f1, 4g):
With small angle approximation (or sin ä i % ä i and cos ä i % 1), the tyre forces are further given as
There are many models that describe the cornering force characteristics. Some physical explanations of tyre models can be found in reference [1] . In the present study the lateral tyre forces are assumed to be linear functions with the slip angles (see Fig. 4 )
where C f and C r represent the tyre cornering stiffness for both front tyres and both rear tyres respectively. The cornering stiffness is in fact one of the parameters that is most prone to change and is a direct function of manoeuvring condition. The wheel rotational model will now be discussed (see Fig. 5 ). The independent torques (power and brakes) applied to the four wheels from the engine and/or braking are given as [4] 
where ù ti is the angular velocity at the ith wheel, J t is the effective rotational inertia which includes all drivetrain effects (i.e. engine, torque converter, driveshaft and tyre inertia), R t is the effective wheel rolling radius, and ô bi is the traction (or brake) torque at the ith wheel from the engine and/or braking. The signs of the torque terms in equation (24) depend on whether the tyre is under driving (positive) or under braking (negative). In the present study, only vehicle braking is considered (i.e. Àô bi ). At constant velocity and steady state condition with _ ù ti 0, the axial forces F xi for all wheel braking in equation (24) are approximated by F xi ô bi =R t . Thus the axial forces are proportional to the brake torques.
To obtain a linear model, the lateral and axial forces in equation (21) are further approximated by
where the bilinear terms on the right-hand sides are assumed to be small and thus have been neglected. The external forces and moments in equations (1) to (3) are now given by
where w y , w z and w x are the disturbance force and torques in the lateral, yaw and roll directions which result, for example, from the drag effect, loads, side wind gusts, a flat tyre, braking on ice, an uneven road, modelling uncertainties, etc., which are considered as system uncertainties. Under certain circumstances, these external disturbances may exert a significant influence on lateral/directional and roll handling. With a small roll angle or sin ö % ö and cos ö % 1, the system dynamics can be simplified to the form
where the effective rotational damping and stiffness coefficients C ö and k ö are given by C ö c öf c ör and k ö k öf k ör respectively. A stable open-loop system requires that k ö . m s gh s in equation (32).
Actuator models of the steering mechanism are required for accurate vehicle control. Then the wheel angles ä f and ä r may be changed by the steering mechanism directly linked to the driver's action shown in Fig. 6 .
The rotational motions for front and rear wheels through linkages can be given as
where k sf and k sr are the rotary compliances of the front and rear steering actuators respectively, c sf and c sr are the rotary viscous damping coefficients, and J sf and J sr are the moments of inertia of the front and rear wheels about the steering axes, respectively. For a typical passenger car, the steering system damping and stiffness are sufficiently high in comparison with rotational inertia. The above actuator dynamics in equations (33) and (34) are approximated as linear first-order lag systems:
where b f and b r are the time constants at both steering wheel actuators or b f c sf =k sf and b r c sr =k sr , and w sf and w sr represent the uncertainties of the front and rear steering mechanisms owing to disturbances as well as unmodelled dynamics, respectively. In a 4WS vehicle the angle variables ä sf and ä sr are now the command inputs to steering angles ä f and ä r applied by the driver's steering linkages. In this model the uncertainty terms due to various sources described above can be lumped into a vector form as w [w y , w z , w x , w sf , w sr ] T .
Multivariable model and control objectives
A reasonable model is necessary in order to explain the complex motions of automobiles. 
where the matrices E M , E N , E W and E U are as follows: It is worth noting that system matrix E M is square with det(E M ) T 0. Then the state-space realization of the coupled linearized plant (37) is given by
where a set of matrices is denoted by
The steering angles are controlled by command inputs ä sf and ä sr through the actuators; the wheel torques from the engine and/or braking are controlled by ô bi .
DESIGN OF MULTI-OBJECTIVE VEHICLE CONTROLLER
Control system formulation with state feedback
This section presents a robust control strategy for active steering wheels and all wheel torques that rejects external disturbances and that ensures stability as well as robustness against uncertainties. This is to be achieved through multiobjective LMI control synthesis. A block diagram for a full state feedback regulator appears in Fig. 7 . The inputs to the generalized plant P are now the disturbances w as well as the control inputs u. Vector y is the measurement signals with y x. The regulated outputs z I are selected as z I [â, r, p, _ y] T . The performance output variables z 2 of interest are z 2 [á f , á r , ä sf , ä sr , ô b1 , ô b2 , ô b3 , ô b4 ] T . The vehicle system is to be controlled by a full state feedback law u Kx with gain matrix K (P K ), where K denotes a set of all real, proper, linear timeinvariant (LTI) controllers. Although some state variables, for example side slip angle â, may not be measured at reasonable cost, all state variables are assumed to be available. Sensors required to measure the state variables are yaw rate sensor, gyroscope, velocity sensor, accelerometer, potentiometer, etc. In control synthesis, the outputs z 2 and z I are H 2 and H I performance variables respectively. The finite-dimensional LTI plant is described by P:
The closed-loop system with its state vector x cl and control law u is given by
where the sets of matrices (A cl , B cl , C clI , D clI ) and (A cl , B cl , C cl2 , D cl2 ), which are closed-loop matrices each of compatible size, denote the state-space realizations of the closed-loop systems T z I w and T z 2 w respectively. Based on lower linear fractional transformation [10] , the realizations of the closed-loop systems are given by
Variables z I and z 2 , which are given above, represent the regulated outputs whose size should be kept small in the presence of disturbances w. Ideally the external disturbances should have no influence on the output variables of interest. However, the control objective is formulated as follows. Given the vehicle plant P and a specified disturbance attenuation ã I along with ã 2Iopt (P R ), derive a finite-dimensional, full state feedback LTI controller K for admissible uncertainties w that internally stabilizes P and satisfies the following optimization problem [10, 11] :
where Ù is the regional closed-loop pole constraint in the left-half plane.
The corresponding regulated variables in equation (39) are given below: 
where other input matrices are given by D 11 0 431 , D 12 0 436 and D 21 0 831 . In what follows, the full state feedback structure of Fig. 7 will be implemented such that 
Closed-loop pole design
As shown in Fig. 8 , the pole constraint is specified in a class of desired subregions Ù(ë, è, l). A closed-loop pole ÷ i P Ù(ë, è, l) is shown in left-half complex plane with j p À 1: Ù f÷ i Àr i jù i j(r i , ù i ) P R, (ë, è, l) P R, i 1, 2, . . ., ng. It is widely accepted that the pole constraint in the prescribed region generates dynamic characteristics of the system (i.e. rise time, settling time, maximum overshoot, etc.). The pole constraints in convex regions Ù can be given as LMI on the Lyapunov matrix X Ù .
Theorem 1
There exists a state feedback gain K Ù such that all poles of closed-loop system (40) are located within the poleclustering LMI region:
Function È is given by È(÷, ÷) N 1 N 2 ÷ N T 2 ÷ with the matrices N 1 N T 1 and N 2 if, and only if, there exists a matrix X Ù X T Ù . 0 that satisfies the following inequality:
where [ç ij ] m i, j1 and [ì ij ] m i, j1 are the entries of the Hermitian matrices N 1 P C ( m3 m) and N 2 P C ( m3 m) respectively.
Proof. See references [14] and [19] for the complete proof.
If all its eigenvalues of A cl are confined to the desired domain Ù, the system modes damp asymptotically at desired rates and achieve a specified degree of stability.
H I (sub)optimal compensator design
The H I suboptimal task is to design a stabilizing controller K I (P K ) that will stabilize the generalized vehicle model. The closed-loop L 2 -induced norm constraint is formalized as iT z I w i I sup ù iT z I w ( jù)i I , ã I for a given ã I P R , where L 2 is the squareintegrable signals defined over R . Based on the bounded real lemma [13] , the H I suboptimal synthesis can be expressed in the following LMIs [11, 12, 20] .
Theorem 2
For the given vehicle plant P there is a controller K I that satisfies the H I suboptimal constraint ã I with the internal stability of T z I w in equation (41) if, and only if, there exists a Lyapunov matrix X I . 0 satisfying the following LMI:
Proof. See reference [20] for the complete proof.
It follows that the L 2 norm gain of the input/output mapping between w and z I for the LTI system is clearly bounded as iz I i 2 , ã I iwi 2 . Furthermore, a pure H I optimal problem with a gain matrix K Iopt (P K ) can be obtained such that
where ã Iopt is the minimum attainable scalar.
H 2 optimal compensator design
The H 2 optimal synthesis is to seek to minimize iT z 2 w i 2 with a feedback gain matrix K 2opt (P K ). Firstly, the H 2 norm of the closed-loop system satisfies the following constraint with D 21 0:
where X . 0 is the controllability Gramian of (A cl , B cl ) and satisfies the following Lyapunov equation:
Let X 2 (. X) denote a positive definite solution to the following Lyapunov inequality:
It follows that
Furthermore, matrices X 2 X T 2 and R R T satisfy the following LMIs: Then it is readily shown that iT z 2 w i 2 2 , Trace(R). In addition, note that the above inequalities (52) and (53) are equivalent to
Now it is straightforward to show the following theorem.
Theorem 3
For the given plant P there is a stabilizing state feedback gain K 2opt such that the closed-loop norm iT z 2 w i 2 is minimized if, and only if, there exist two symmetric matrices X 2 X T 2 and R R T satisfying the set of LMIs (54) and (55).
It is readily shown that iT z 2 w i 2 is the minimum of p [Trace(R)] subject to the set of LMIs (54) and (55).
Furthermore, there exists a scalar ã 2 P R such that
can be established with a minimal upper bound ã 2opt > 0.
Mixed H 2 / H I synthesis with pole placement
The general design objective is achieved by combining the H 2 and H I synthesis with the pole constraint. However, in general the set of matrices (X I , X 2 , X Ù , R, K) simultaneously satisfying the LMIs given in (46), (47), (54) and (55) is not convex. It requires the constraint X I X 2 X Ù X C to be imposed on the Lyapunov matrices in all specifications, where X C is a common Lyapunov matrix [11±13]. Then the global asymptotic stability for closedloop system (40) can be established by choosing a Lyapunov function candidate V (t, x cl ) x T cl X C x cl with X C X T C . 0. Let a new matrix Q be Q K 2I X C with K 2I (P K ). When the performance criteria ã 2 and ã I are both finite, a combined solution yields a stable closed-loop system that satisfies the following LMI-based convex optimization problem.
Theorem 4
There exists a stabilizing state feedback control law u K 2I x that can be incorporated into the mixed H 2 = H I synthesis with the pole placement if, and only if, there exist matrices X C X T C , Q and R R T such that inf fTrace(R)g subject to set of LMIs (46), (47), (54) and (55) with X C . 0 and Q K 2I X C .
To prove the theorem, it suffices to apply the results of the above theorems to closed-loop system (40). If such a set of matrices (X C , R, Q) exists, one controller of this kind has a constant-gain matrix K 2I given by K 2I QX À1 C . The corresponding control law is u K 2I x QX À1 C x via matrix transformation. 20 in which the open-loop system has some unstable poles (see Fig. 9 ). The singular value plot is displayed in Fig. 10 .
SIMULATION RESULTS
In the present paper, the system designer has to achieve good ride comfort for driver and passengers along with acceptable control efforts. The design goals are formulated via LMIs as inf iTz 2w i ã 2 subject to iTz Iw i , 1 (0 dB) and Ù(À0:3, ð=3, 20)
To obtain reasonable responses, the closed-loop poles are Then the actual closed-loop poles are clustered within the specified region; À0.45, À3:15 AE j3:54, À3.96, À7.50 and À11:00 AE j7:79 (see Fig. 9 ). Unless stated otherwise, all the pole requirements are identical in closed-loop system simulations. For the purpose of comparison, Fig. 10 illustrates Bode (singular) plots of the vehicle system that correspond to three different cases: open-loop system, closed-loop system with mixed H 2 = H I synthesis and closed-loop system with H I optimal synthesis. As expected, the external disturbances are well attenuated (< 0 dB) at the low frequencies. Furthermore, the roll-off level is reasonable in high-frequency ranges; i.e. the noise and higher-order unmodelled dynamics effects related to high frequency can be attenuated by more than 40 dB/ decade. The time domain responses due to input disturbances (or step and impulse responses) in the case of mixed H 2 = H I synthesis with pole constraint are also plotted in Figs 11 to 14 along with control input activities. The resulting feedback gain matrix (K 2I P R 637 ) is given by K 2I 4:928 0:365 À0:915 0:161 3:981 À1:808 À0:869 4:945 0:231 5:795 0:478 20:087 À0:766 À2:668 À0:008 À0:011 À0:201 À0:016 À0:808 À0:015 0:043 0:008 0:011 0:201 0:016 0:808 0:015 À0:043 À0:008 À0:011 À0:201 À0:016 À0:808 À0:015 0:043 0:008 0:011 0:201 0:016 0:808 0:015 À0:043
The simulation results reveal that the influence of disturbance inputs on the system outputsz I andz 2 can be reduced sufficiently in transient plus steady state responses. Consequently, the proposed control approach guarantees an acceptable level of disturbance attenuation in both low-and high-frequency ranges while keeping the control efforts acceptably low.
CONCLUSIONS
The paper has examined the challenging application of a robust control scheme for the steering autopilot design of a 4WS vehicle. For the efficiency of numerical simulations, a scaled state-space model has successfully been obtained. The vehicle control system is formulated as a mixed In the advanced 4WS control system, both the front and rear wheel angles as well as individual wheel torques are actively controlled to improve manoeuvrability and directional stability. The proposed approach is shown to perform well under given vehicle conditions, illustrating stability as well as robustness to various uncertainty environments. Finally, the simulation results obtained effectively demonstrate how a robust controller via LMIs is applied to active vehicle manoeuvring. 
